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KINETIC, POTENTIAL AND SURFACE TENSION ENERGIES 
OF SOLITARY WAVES IN DEEP WATER 

VERA MIKYOUNG HUR 


Abstract. We present an exact relation among the kinetic, potential and 
surface tension energies of a solitary wave in deep water in all dimensions. 

We deduce its non-existence in the absence of the effects of surface tension, 
provided that gravity acts in a direction opposite to what is physically realistic. 

1. Introduction 

It is a matter of experience that waves which are commonly seen in the ocean 
or a lake propagate in a certain direction approximately at a constant speed with¬ 
out change of form, namely traveling waves. They have historically stimulated a 
considerable part of the development in the theory of wave motion, from Stokes’ 
conjecture about the wave of maximum amplitude to Russell’s famous horseback 
observations and to the elucidation of the Korteweg-de Vries solitons. 

By a solitary water wave, we mean a traveling wave solution, for which the fluid 
surface asymptotically approaches a constant level over a nearly shear flow. In 
two dimensions in the finite depth case, their rigorous mathematical theory dates 
back to the constructions in [FH54] and [Bea77) of small amplitude waves, and 
it includes the global bifurcation result in |AT8I] . extensions in |AK89) . |Bea91| . 
|Sun9I| and [lK90], |IKM| . |BGT96| . among others, to capillary-gravity waves, and 
in [Hur08a] . |GW08) and |WheI3] to waves with vorticity. The symmetry and 
monotonicity properties were discussed in [CS88) and [Hur08b] . and the regularity 
properties were in [Lew52) and [Hurl 2 a) . Non-uniqueness and linear instability 
were addressed in |Plo91] and in [Lin09] . 

In stark contrast. Sun in |Sun97] argued for the non-existence of solitary waves 
to interfacial fluids problems in two dimensions in the infinite depth case, provided 
that the profile is either positively elevated above the mean fluid level or negatively 
depressed. Craig in |Cra02] made another proof for gravity driven and positively 
elevated, solitary water waves in two dimensions in the infinite depth case and in 
three dimension in the finite depth case. Therefore one concludes that a solitary 
water wave in two dimensions in the infinite depth case and in three dimensions 
in the finite depth case cannot be everywhere positive (or negative, either, in the 
former setting). As Craig emphasized in |Cra02] . it “leaves open the tantalizing 
possibility” of solitary water waves, which oscillate about the mean fluid level. In 
the presence of the effects of surface tension, solitary water waves indeed arise in 
two dimensions in the infinite depth case (see [IK96] . for instance) and in three 
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dimensions in the finite depth case (see [GS08] . for instance), which necessarily 
change sign. In three dimensions in the finite depth case, they are found near the 
Kadomtsev-Petviashvili (KP) solitary waves. In the absence of the effects of surface 
tension, however, the KP equation does not invite a localized steady solution, bear¬ 
ing out that gravity driven, solitary water waves may not exist in three dimensions. 
Moreover small-data global-existence results in [Wull] and [GMS12] for the initial 
value problem indicate that gravity-driven solitary water waves of small amplitudes 
are unlikely to exist in three dimensions in the infinite depth case. 

Recently in [Hurl2b) . the author eliminated the positivity requirement from 
[Cra02) and [Sun97) in two dimensions in the infinite depth case. The proof relates 
the free boundary problem in potential theory with a nonlinear pseudodifferential 
equation via conformal mapping techniques and derives a Pohozaev type identity. 
Conformal mappings are not available in higher dimensions. Nevertheless, here we 
apply the Pohozaev identity technique to the free boundary problem (see (12.21) 1 and 
we find an exact relation among the kinetic, potential and surface tension energies 
of a solitary wave in deep water in all dimensions. In two dimensions we provide 
another proof of an integral identity in |Sun97] . 

We conclude that in the absence of the effects of surface tension, the solitary 
wave problem in deep water admits no nontrivial solutions, provided that gravity 
acts in a direction opposite to what is physically realistic. The result partly recovers 
that in [Hurl2b| . 


Other exact relations among integral quantities were known for solitary waves in 
two dimensions in the finite depth case; see |LH74] . [Mcc91) . [Sta47) . among others. 
Similar relations would perhaps be useful to improve the conclusion herein, but the 
proofs seem to break down in the infinite depth case. 


2. Results 


The water wave problem in the simplest form concerns the wave motion at the 
interface separating an incompressible inviscid fluid below a body of air, acted upon 
by gravity and possibly surface tension. The flow in the bulk of the fluid satisfies 
the Euler equations in hydrodynamics with the force of gravity. The kinematic and 
dynamic conditions at the fluid surface state, respectively, that fluid particles do not 
invade the air, nor vice versa, and that the jump in pressure across the surface, in 
the presence of the effects of surface tension, is proportional to the mean curvature. 
The flow is assumed to be nearly at rest at great depths. For definiteness, we shall 
work in the (x, j/)-coordinates, where x £ n ^ 2 an integer, is horizontal and 

y G M. is vertical. If the fluid surface is in the graph form y = r](x.,t), say, and if 
the flow beneath it is irrotational then the governing equations may be expressed 
in terms of the velocity potential (/>(x, y, t) as 


( 2 . 1 ) 


A(/> = 0 

m + Vx<(> • V77 - = 0 

V(() ^ 0 


in — 00 < y < ri{x, t), 
at y = i]{x,t), 

at y = r]{x,t), 

as y —>■ — 00 . 


Here g denotes the constant due to gravitational acceleration and T ^ 0 is the 
coefficient of surface tension. Note that y > 0 is physically realistic. In the case of 
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g < 0, the initial value problem associated with the linear part of is ill-posed; 
indeed plane waves of the form Qj^gy ^j^g dispersion relation = 5 |k|, 

which permits unbounded growths for high frequency waves. But existence, and not 
“stability”, is the issue here. Throughout subscripts denote partial differentiation; 

V means the usual gradient in R" or and Vx is the gradient in in the 

horizontal variables. 

We may define the kinetic, potential and surface tension energies of a solution 
to (j2.1l) as 

f f dxdi/, [ dx and [ + iViyP-l) dx, 

J-oo JR"-! ^ JR"-! dR"-i ^ 

respectively. Their sum is the total energy and it is a constant of motion; see 
|Zak68) ■ for instance. 

The solitary wave problem seeks for a solution, for which the fluid surface and 
the velocity potential depend upon (x — ct, y), where c S R”“^ is the speed of wave 
propagation, the fluid surface asymptotically tends to zero, say, and the flow in the 
far field is nearly uniform, i.e. 

? 7 (x) —>■ 0 as |x| ^ oo and V0(x, y)—>-0 as |(x, i/)| —>• oo. 

In the frame of reference moving at the velocity of wave propagation, let 

n = {(x, y) : X G R”“^, —oo < y < y(x)} and T = {(x, y(x)) : x G R"“^} 

represent, respectively, the (stationary) fluid domain and its surface. If we further¬ 
more assume that (/)(x,y) —5> 0 as |(x,y)| —oo then the kinetic energy, after an 
application of the divergence theorem, becomes 

dS, 

where 

V = ^ (— 1 ) 

\/l -b |V?7 (x)|2 

denotes the outward pointing unit normal vector along the fluid surface and dS is 
the surface measure of F. This allows us to handle various integrals in the following 
section. In summary, the solitary wave problem in deep water reads: 

find rj defined in R"“^, (j) defined over and a parameter c G R"“^ such that 


(2.2a) 

o 

II 

<1 


in n, 

(2.2b) 

4>y = (Vx')' - c) ■ Vy 


at r, 

(2.2c) 

i|V0|2-c.V<)) + ffy = TV( 

' Vy 

at r, 

Vl + |VyP^ 

(2.2d) 

y(x) —0 


as x| — >■ oo, 

(2.2e) 

<))(x,y) ^ 0 


as |(x,y)| oo 


In two dimensions, (12.21) may be reformulated into a single, nonlinear pseudodiffer¬ 
ential equation via conformal mapping techniques; see |HurI2b) . for instance. 
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In the absence of the effects of surface tension, i.e. T = 0, a straightforward 
calculation reveals that (I2.2|l remains invariant under 

? 7 (x) A“^r 7 (Ax), (/)(x,y) i->- A“^/^(^(Ax, Ay) and c !-> A“^^^c 

for all A > 0. The vector field (x, y) • V generates the scaling symmetry, and it 
suggests that we apply the Pohozaev identity technique to (I2.2|) . Incidentally the 
Pohozaev identity technique was devised in [Poh65] and it led to a wide range of 
applications; see [PS86] . for instance. 

In what follows, 

[/(x,y)]r = /(x,y(x)) 
denotes / restricted to P. We state the main result. 

Theorem. In the case of T = 0, if t] & and (p G nC(fi) solve 

(12.211 and, moreover, if rj G x ■ Vy G and Vp G 

(x,y) • Vp G L'^in), [())]r G x • [V^!)]r G L2(R"-1), then 

(2.3) ^ ff |V())p dxdy = f rj^ dx. 

^ J JQ. ^ dR"-i 

In the case ofT 0, if in addition x ■ G L^(]R"“^) then 
(2-4) ^ [[ dxdy f ij^dx+^xf (^/iTTv^ “ I) c?x. 

^ Jk"-! ^ JR"-i 

In two dimensions (12.4p agrees with (1.3) in |Sun97) . 


Corollary. In the case ofT = 0, assume that rj G C'^(K."' ^) and p G C'°°(fl)nC(n) 
solve (12.21) and, rj G id^(IR"“^), x • Vy G L^(IR”“^) and Vp G T^(I2), (x, y) • Vp G 
L^(I1), [(/)]r G id^(R"“^), X • [VijiJr G L^(R"'“^). Then rj = 0 and </> = 0 if g Gi 0. 

In two dimensions it partly recovers that in [Hurl 2b) . 


3. Proof of Theorem 

We may assume that y and if, up to boundary, are smooth and decay to zero 
at infinity faster than polynomials together with their derivatives of all orders. We 
may mollify y and ft and appeal to the dominated convergence theorem to ensure 
that all the integrals below converge under the hypothesis of Theorem. 


Suppose for now that T = 0. We multiply ()2.2a|) by (p and integrate over H to 
show that 

0 — [[ dxdy = f p(yp ■ v) dS — f f \Vp\'^ dxdy 

J Jn Jr J Jn 

= [ ['?^]r(['('y]r - [Vx(/>]r • Vy) dx- ff \yp\'^ dxdy 

jR"-i JJn 

= - [ [<?^]r(c • V)y dx - [[ {Vpl"^ dxdy. 

jR"-i JJn 


Recall that 


u = 


\/l + |V?7 (x)|2 


(-Vy,l) 
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denotes the outward pointing unit normal vector along the fluid surface and dS is 
the surface measure of F. The first equality uses (I2.2ap . the second equality uses the 
divergence theorem, and the last equality uses (I2.2bl) . Indeed [(j)y\ = ([Vx(/)]—c)-V? 7 . 
Moreover an integration by parts leads to that 



']r(c • V)r? dx = — 


/R"-! 


rjic ■ V)[(/)]r dx = 



rjc ■ ([Vx(/)]r + [</'»/]rV? 7 ) dx. 


Therefore 


(3.1) 


|V(/)p dxdy = — / [ 0 ]r(c.V)r? dx = 


dc-([Vx(/)]r + [«!>y]rV 77 ) dx. 


/R"- 


Similarly, we multiply (j2.2al) by (x, j/) ■ V0 and integrate over 11 to show that 


(3.2) 

0 = II (x, y) ■ V(j> A(j) dxdy 


= y (x ■ \7^(j) + y(t>y){S/(l) v) dS - JJ + (x,y) ’ '^(^IWp)) d^dy 

= - I (x • [Vx<)>]r + v[(l)y]r){c ■ Vy) dx - / / \V(j)\'^ dxdy 

Jr"-i JJn 

- J ^|V())p(x,?/) -u dS + JJ^V{x,y) dxdy 

= - I (x • [Vx()>]r + y[(l)y]r){c ■ Vy) dx 
jR"-! 

+ f (ot - c • [V(^]r)(?7-X • V77) dx+Q - 1 ^ ff dxdy 

= - [ ((x • [Vx<)>]r)(c • yy) - (c • [Vx^]r)(x • V77)) dx 

Jr"-! 

- f (d[<^!/]r(c ■ V?7) + yc ■ [V(^]r) dx 
dR"-l 

+ / OT(d - X • V77) dx + - 1) [[ |V(/)p dxdy =; 

dR"-i ^ J Jn 


=■ di + /2 + /a + /4. 


The first equality uses (l2.2aL the second equality uses the divergence theorem, 
and the third equality uses (I2.2bl) and the divergence theorem. Indeed [(j)y] = 
([Vx()>l — c) • V 77 . The fourth equality uses (I2.2cl) . and the fifth equality uses that 
c e Indeed c • [V<^]r = c ■ [Vx(^]r. 

Note from m that I 2 = — JJq |V(?!)p dxdy. Moreover an integration by parts 
leads to that 

h= f 5 d^-gx.v(i? 72 ^ dx= + dx. 

JR "-1 / \ / / jRn -1 
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To proceed, we may assume, without loss of generality, that c = (c,0,... ,0). 
We compute that 

n—1 


h=-c V(a;j(/):r,(x,r?(x))7?2„(x) - a;j(?i:ri(x,77(x))?7,r,(a:)) dx 

Jr- 

P n—1 

= - C / V(a;j((?i:r,(x,77(x)) - (/)y(x, 7?(x))7?„^. (x) + (x, 77(x))?7,,^ (x))?7,ri (x) 

-a:j((/)„i(x,77(x)) - (/)y (x, ?7(x))77,,i (x) + (x, ?7(x))77,ri (x))??,,^. (x)) dx 

« n—1 

= -c / V(a;j((/)(x,ry(x)))3,^. 77,1,1 (x) - a:j ((7()(x, 77(x)))3,i??3,i. (x)) dx 

« P n—1 

={n - l)c / 0(x, ?7(x))?7„i (x) dx + c / V a:j </>(x, r]{x.))r]^^^. (x) dx 

„ „ n—1 

-c 0(x,?7(x))?7i,i(x) dx-c / Va;j(/)(x,77(x))?73,i.,i,i(x) dx 

={n- 2 ) [ (/)(x,?7(x))(c772,i(x)) dx = (2-n) /'/' |V(/)p dxdy. 

dR"-! ddn 

The fourth equality uses integration by parts and the last inequality uses m- 
This proves disi)- 


In case T > 0, we may rerun the previous argument and calculate that 

Vry 


/a = 


f ( 9 V-Tv( 

JR^-I ^ ' 

= (' + 


77,-1 


+ 


T- 


y^TTWW 

gv^ dx 

-1 

IV 77 P 


VTTWW 


dx — 


(77 — X • V 77 ) dx 


^ |V77p+x.V(||V77p) 


VT+W 


+ 9V^ dx- f ^Tx-V(V1 + |V77|2-1) dx 

^ ^7 y^n-l jR"-! ^ 

'-(^ + -T~) f 9 v'^dx+^[ T(yrT]V^- 1 ) dx. 

^ ^ ^ jR"-! ^ jR"-! 


This proves (Ea. 

Remark (Extension to the finite depth case). Let’s assume for simplicity that the 
fluid bottom is rigid and horizontal. One must replace (I2.2el) by 

(fiy = 0 at {(x, —d) : x S 

where d > 0 denotes the asymptotic fluid depth. Abusing notation, let 
fl = {(x,y) :xeR"-\-d<y <77(x)} and L = {(x, 77(x)) : x e 
We rerun the previous argument to show that dMl holds whereas (13.21) becomes 

0 = [[ (x, y) • V(l)A(j) dxdy = h + h + h + h - Ird [ |V(()(x, -d)p dx, 

JJn 2 . Jr"-! 
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where Ii through /4 are the same as those in (|3.2I1 . Therefore (12.41) becomes 

(3-3) ^[[ |V0p dxdy + id / |V</)(x,-d)p dx 

^ J Jn ^ JR"-i 

= v'^dx+^rf (\/l + |Vr?|2 - 1) dx. 

In the periodic wave setting, on the other hand, (/> is not periodic and one may 
not expect a Pohozaev type identity. A non-existence proof based upon duality, 
instead, is found in |Tol02) . for instance. 
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